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ABSTRACT  
 
COVID-19 pandemic was identified in Wuhan, China in 2019 and 
has spread at a tremendous rate affecting all countries over the 
world. Understanding the spreading disease is crucial; hence, the 
dynamic behaviour of the disease can be predicted. This paper is 
aimed to model the COVID-19 outbreak by extending the 
deterministic susceptible-infected-recovered-death (DSIRD) into 
a stochastic SIRD (SSIRD) model.  Infectious rate parameter of 
the DSIRD model is perturbed with Brownian motion to reflect 
the uncertainty of the COVID-19 outbreak. Fourth order 
stochastic Runge-Kutta (SRK4) method is used to simulate the 
model. Parameter estimation is estimated using the Markov Chain 
Monte Carlo (MCMC) method.  The simulated results for three 
ASEAN countries of Malaysia, Indonesia and Singapore indicate 
that SSIRD model is consistent with the infected COVID-19 data; 
hence, shows the model is adequate in explaining the behaviour 
of the infectious disease. 
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INTRODUCTION 
 
Coronavirus disease (COVID-19) that was first detected in 
Wuhan, China in December 2019 has resulted in a tremendous 
disaster worldwide. There have been 526,182,662 confirmed 
cases of COVID-19, including 6,286,057 deaths till May 2022 
(World Health Organisation, 2022, May 31). Most of the infected 
patients have experienced mild to moderate symptoms and have 
recovered without special treatment. However, some of the 
infected people become seriously ill and need medical attention. 
Mathematical models are important tools to gain understanding in 
informing evidence-based decisions (Norris et al., 2018). It is 
crucial for researchers and practitioners to develop a mathematical 
model of the COVID-19 outbreak and predict the severity of the 
epidemic trajectories that can alarm public health and the severe 
impacts on the healthcare system. Dynamics of the disease over 
time provide an overview of the epidemiological situation and 
identify whether epidemic control measures have a measurable 
impact (Bick et al., 2021). With regards to the studies carried out 
so far, numerous researchers have reported the deterministic 
model about the transmission of the pandemics. For the 
incomplete list are Wang et al., 2020; Imai et al., 2020; 
Anastassopoulou et al., 2020; Xiong & Yan, 2020; Singh & 
Adhikari, 2020; Azar et al., 2020; Tang et al., 2020a, 2020b; Roda 
et al., 2020; Leung et al., 2020; You et al., 2020; Yu, X., 2020; 
Zhuang et al., 2020; Zhao et al., 2020. 

 
The deterministic classical compartmental mathematical 

models such as Susceptible-Exposed-Infected-Remove (SEIR) 
and Susceptible Infected-Remove (SIR) are frequently employed 
to describe the disease outbreak. While these models are useful, 
the models did not include the influence of stochasticity. Many 
individuals within the populations are assumed to react 
unpredictably in response to the pandemic (David et al. 2022). 
Hence, there is a need to consider stochastic models in capturing 
these effects.  

 
This paper is aimed to model the COVID-19 outbreak by 

extending the deterministic susceptible-infected-recovered-death 
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(DSIRD) into a stochastic SIRD (SSIRD) model.  Infectious rate 
parameter of the DSIRD model is perturbed with Brownian 
motion to reflect the unpredictable response of the susceptible 
populations to the COVID-19. Fourth order stochastic Runge-
Kutta (SRK4) method is used to simulate the model. Then, the 
parameter estimation is estimated using MCMC method. The 
reproduction number is calculated for the control measures 
imposed within a certain period. 

 
 

MATHEMATICAL MODELLING 
 
DSIRD is developed by converting the disease flow diagram 
(Figure 1) into a system of ordinary differential equations (ODEs). 
   

 
 

Figure 1: Diagram of the Disease Flow Compartment. 
 

The population is divided into four compartments i.e., 
susceptible (S), infected (I), recovery (R) and death (D). The entire 
population will initially become susceptible (S) (exposed to the 
disease) once the outbreak starts. The disease spreading amongst 
susceptible people is subjected to the uncertainty and depending 
on the obedience of the citizen to the control measure imposed by 
the authority. The infectious rate is high if there is inconsistent 
compliance with the rules. At the initial time, the number of 
susceptible people is measured by taking the difference between 
the number of populations, N, and the infected people. The 
population is assumed to be constant, which is there is no change 
in the birth and death rate. The susceptible people at initial time, 
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0t , is denoted by 0.S  Initial infected people is given by 0.I

Susceptible people is removed from susceptible compartment at a 

rate of N
α

 once they got infected. It means that the number of 

infectious people is increasing at a rate of N
α

 and has been isolated 
as an infected person, ( )I t . Once recovered, they are moved to a 
recovery compartment, ( )R t

, with a rate of .β  ( )D t is the number 
of the death person at time .t  Death person is removed from the 
infected compartment with a rate of .γ  Those who recovered 
could be reinfected and is transformed to the susceptible 
compartment with a rate of .∂  Individual is assigned to one of the 
following disease states (susceptible or infected or recovery or 
death) at a time, t. DSIRD model describing the compartmental 
diagram of the disease flow in Figure 1 is given by   

dS IS R
dt N
dI IS I I
dt N
dR I R
dt
dD I
dt

α δ

α β γ

β δ

γ

= − +

= − −

= −

=
      (1) 

 
Infectious rate parameter, α , is subjected to the uncontrolled 

factors of the inconsistent compliance of the public to the control 
measures imposed by the government and the emergence of the 
new variant. The DSIRD model (1) can be transformed into 
SSIRD by perturbing the infectious rate parameter α with a 

Brownian motion, ( ) , 0W t t ≥ , such that 
dW

N N dt
α α

→ +
        

(2) 
 
This led to a system of SSIRD model, as given in Equation 

(3). 
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( )

ISdS R dt IS dW
N N

ISdI I I dt IS dW
N N

dR I R dt
dD Idt

α αδ

α αβ γ

β δ
γ

   = − + + −   
   
 = − − + 
 

= −

=    
  (3) 

 

The Brownian motion, ( ) , 0W t t ≥
, can be generated using 

pseudo random numbers of Box-Muller method. The 
epidemiology parameters of Equation (3) need to be estimated and 
the model is simulated by using SRK4 method. Next subsection 
shows the MCMC and SRK4 methods of the parameter estimation 
and model simulation, respectively.  

 
Parameter estimation 
 
The epidemiology parameters of SSIRD in Equation (3) are 
estimated using the Markov Chain Monte Carlo (MCMC) method 
of the Metropolis-Hasting (MH) algorithm. MH algorithm 
considers two types of distribution i.e. the stationary distribution, 
( )xπ

, and the conditional density, ( ).Q y x  It generates a 

collection of states based on the desired distribution, ( ).P x  MH 
algorithm utilises the concept of Markov process, such that 
( ) ( ).x P xπ =  If the current state of the chain is ,x  the chain will 

then move to a new candidate of the sample .y  The following 
algorithm calculates the transition value of the Markov chain ( tx ) 
at time t  and its value at time 1.t +   
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Metropolis-Hasting Algorithm 
Initialization.  

1. Choose an initial state of 0.x  
2. Let the initial time, 0.t =  

Perform Iteration 
1. Generate a random candidate state, y from the 

conditional density ( ).t tY Q y x  
2. Calculate the probability of acceptance 

( )
( )
( )

( ) ,1min .,
( )

t

t t

Q x yP y
p x y

P x Q y x

  =  
    

3. Generate a uniform random number of [ ]0,1 .ρ ∈   

i) If ( ), ,p x yρ ≤  then accept the new state and 
set 1 .tx y+ =  

ii) If ( ), ,p x yρ >  then reject the new state and set 
1 .t tx x+ =  

4. Increase time by setting 1.t t= +  
 

The reported COVID-19 ASEAN data, which date from 25 
January 2020 to 24 January 2021, are fitted to the SSIRD (3) for 
parameter estimation. The data are obtained from Asia COVID-
19 tracker portal. Three different ASEAN countries are 
considered, involving Malaysia, Indonesia and Singapore. 

 
Numerical algorithm 
 
The results are simulated using four stage stochastic Runge-Kutta 
method (SRK4) of order 1.5.  SRK4 is coded in MATLAB and 
Graphical User Interface (GUI) of SSIRD model is developed. 
SRK4 method is given by 
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

4 4
0 1 2 10

1
1 1

4 4
0 1 2 10

1 1
1 1

, 1, , 4i n ij j ij ij j
j j

n n i i i i i
i i

J
Y y a f Y b J b g Y i

J
y y f Y J g Yα γ γ

= =

+
= =

 = + ∆ + + = ∆ 

 = + ∆ + + ∆ 

∑ ∑

∑ ∑



         
(4) 

 
where ∆  is a step size, n  is the number of iteration, 
( )

4 4ija
×

=A  and ( )
4 4ijb
×

=B are matrices of real elements, and 
( )1 2 3 4, , ,Tα α α α α=  and ( )1 2 3 4, , ,Tγ γ γ γ γ=  are row vectors in 4.ℜ  

 
The stochastic components are generated by the terms 

  
( ) ( )

1

1 1

n

n

t

n n
t

J dW W t W t
+

+= = −∫
 and 

( )
1

10 .
n

n n

t t

t t

J dW s dt
+

= ∫ ∫
 

 

The random variable 10J  is approximated  

via
10 2

12 3
J NN∆  

= + ∆     

 
where 1 2 and N N  are standard normal distribution. SRK4 

scheme of strong order of 1.5 has been introduced by Burrage and 
Burrage (1999) and can be written in tableaus form as 

 

( )

( )

1

2

0
01 0 0.72429163 02

1 0.042373534 0.19944379 00 0
2 1.5784755 0.84010034 1.73837510 0

0 0 1 0

0 0 0 0
2.700200410 0 0 0 1 1 1 1,
1.75261649 0 0 0 6 3 3 6
2.918524118 0 0 0

T

 
   
   −   = =   −
   

−   
  
 
 

  = =    
 
− 

A ,       B

B α

( ) [ ]
( ) [ ]

1

2

0.78007 0.073637 1.4865 0.21992

1.69395 1.63610 3.02400 0.306049

T

T



= −

= − −

γ

γ  
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The numerical algorithm governing SRK4 method is 
presented in Figure 2. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Figure 2: Algorithm of SRK4 Method. 
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RESULTS AND DISCUSSION 
 
In this section, we present the numerical simulation of SSIRD 
model (3) for three ASEAN countries; Malaysia, Indonesia and 
Singapore. SSIRD model in equation (3) is simulated for 100 
simulations via SRK4 method and the epidemiological parameters 
are estimated using MCMC method in MATLAB. COVID-19 
data and the pandemic curves are visualised in Figure 3 to 5. The 
simulated results for Malaysia COVID-19 data are illustrated in 
Figure 3. 
 

 
 

Figure 3: GUI of SSIRD model for Malaysia 
(January 2020 – May 2021). 

 
The numerical results are obtained by performing 100 

simulations of the SSIRD model in Equation (3), as indicated in 
the “Main Graph” of Figure 3. The average of the sample paths is 
computed, and the results are displayed in “Active Case”, 
“Recovered Case” and “Death Case”. Malaysia manages to 
control the disease outbreak from January to September 2020. 
During this period, various non-pharmaceutical intervention 
(NPI) measures were implemented, including movement control 
order (MCO), not permitting interstate travel, closure of the non-
essential economic activities and shorter operating hours for 
certain sectors with limited number of workers. However, once 
certain NPI is lifted, the number of cases has been increased. The 
National COVID-19 Immunisation Programed started in February 
2021. In May 2021, 80% of the herd immunity is yet to be 
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achieved while certain measures have been lifted. This gives rise 
to the number of active cases in May 2021.  

 
The numerical results for Indonesia COVID-19 data are 

displayed in Figure 4. Indonesia has the highest number of 
populations in ASEAN, with the reported population in 2020 is 
273.5 million. The COVID-19 trajectories for Indonesia are 
obtained by performing 100 simulations of SSIRD model (3), as 
indicated in the “Main Graph” of Figure 4. The average of the 
sample paths is computed, and the results are depicted in “Active 
Case”, “Recovered Case” and “Death Case” of Figure 4.  

 

 
 

Figure 4: GUI of SSIRD model for Indonesia 
(March 2020 – May 2021). 

 
Based on Figure 4, we can see that the number of infected 

cases increased gradually for the period of March 2020 to 
November 2020. However, from December 2020 to February 
2021, the trajectory shows a drastically increasing trend in the 
number of infected cases. Indonesia has implemented large scale 
social restrictions, which include closing of the schools and public 
places, limiting travel to and from restricted provinces and 
regions, and restricting public transport. The active cases were 
decreased from January to May 2021, when Indonesia 
government for a certain region, such as Java and Bali, had 
enforced the Communities Activities Restrictions Enforcement 
(CARE) to prevent the disease from spreading. COVID-19 
vaccination programme in Indonesia has started earlier than 
Malaysia, which is on 13 January 2021. In terms of the total doses 
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given, Indonesia has ranked third in ASEAN and fifth in the 
world.  

 

 
 

Figure 5: SSIRD model (3) for Singapore 
(March 2020 – May 2021). 

 
The numerical results for Singapore COVID-19 data are 

displayed in Figure 5. The number of populations in Singapore 
that was reported in 2020 is 5.686 million. The simulated result 
for Singapore COVID-19 outbreak is obtained by performing 100 
simulations of SSIRD model in Equation (3), as indicated in the 
“Main Graph” of Figure 5. The average of the sample paths is 
computed, and the results are depicted in “Active Case”, 
“Recovered Case” and “Death Case” of Figure 5.  

 
The Singapore government is able to manage the spreading of 

the virus in the community through a contact tracing system. 
However, the number of infectious cases increased exponentially 
from March to June 2020, when the virus infected migrant 
workers. Infectious cases keep rising due to the in-dormitory 
living conditions for foreign workers and safe distancing measures 
turn out to be inadequate. Singapore manages to control the 
disease outbreak by imposing a lockdown in the locality of the 
foreign workers. At the same time, massive testing has been 
stepped up to detect and isolate positive cases. The measures 
imposed by the Singapore government had successfully reduced 
the number of positive cases amongst migrant workers. 
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CONCLUSION 
 
The COVID-19 outbreak is uncontrolled and subjected to 
uncertainty. The model should consider these factors by 
perturbing the Brownian motion into the deterministic model 
DSIRD. In this paper, we have extended the DSIRD model into 
its stochastic counterpart and the epidemiological parameters 
were estimated using MCMC method. The pandemic curves of 
three ASEAN countries, which include Malaysia, Indonesia and 
Singapore, have been simulated. In summary, the proposed 
stochastic SIRD model shows that the proposed model is 
satisfactory and pertinent to be used for predicting the COVID-19 
outbreak under uncertainty of the disease spreading. Presently, the 
performance of the model is investigated in detail and another 
scenarios compartment is considered to improve the model.  
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